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damiAn ferraro 

Abstract. We define proper, free and commuting partial actions on up- 
per semicontinuous bundles of C* — algebras. With such, we construct the 
C* —algebra induced by a partial action and a partial actions on that algebra. 
O ' Using those action we give a generalization, to partial actions, of Raeburn's 

Symmetric Imprimitivity Theorem |10| , 



Introduction 

The main idea of this article appear in the following example. Let (3 be a 
continuous, free and proper action of a locally compact and Hausdorff (LCH) group 
G on a LCH space Y . This gives us a continuous action of G on the continuous 
functions vanishing at infinity of Y, Cq(Y). If Y/G is the orbit space of Y, then 
Green's Theorem [TT] implies Cq(Y/G) is strongly Morita equivalent to the crossed 
product C (Y) x^ G. 

Now consider an open subset X C Y such that L){Pt(X) : t G G} = Y. Lets 
call a the restriction of (3 to X. That is, for every t G G set at : X n (3 t -i(X) — > 
XPiPt(X), x h4 f3t(x). This is an example of a partial action. Now consider the open 
set T := {(t,x) G G x X /3 t -i(x) G X} C G x Y. The crossed product C Q (X) x Q G 
is the closure of C c (r) C C C (G,Y) in Co(Y) >ipG. It is strongly Morita equivalent 

to C OH X/3 G GO In- 
putting all together, we conclude that Co(A') x a G is strongly Morita equivalent 
to Cq(Y/G). The objective of the present work is to generalize the previous idea to 
the case where we just know X, G and a. That is, a is a partial action of G on X. 

The outline of this work is as follows. In Section 1 we give the definitions of free, 
proper and commuting partial actions and prove some basic results involving those 
concepts, it is based on (TJ [2] . In the second section we define partial actions on up- 
per semicontinuous C* — bundles and, with such, construct the induced C* — algebra 
of a partial action and partial actions on those induced algebras. Here we follow 
Raeburn's work |10| . Finally, we prove our main theorem which is a generalization, 
to partial actions, of Raeburn's Theorem [10] . On a first read, to understand the 
basic ideas, we suggest the reader to consider bundles of the form X x C (X is a 
topological space and C the complex numbers) with trivial action on C. 
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1. Properties of Partial Actions 

Through this work the letters G, H and K will denote LCH topological groups 
and X, Y topological spaces. When any additional topological property is required 
it will be explicitly mentioned (this will never happen for the groups). 

This section is a brief resume of some results contained in [2] and in the PHD 
Thesis [T , for that reason some proof will be omitted. We start by recalling the 
definition of partial action. 

Definition 1.1 ([H[2][I]). A pair a = ({X t }teH , {&t}teH ) is a partial action of H 
on X if, for every t,s £ H: 

(1) Xt is a subset of X and X e = X (e being the identity of H). 

(2) at '■ X t — > X f -i is a bijection and a e = idx (the identity on X). 

(3) If x G X t -i and at{x) G X s -i, then x G X( st )-i and a s t(x) = a s oat(x). 

The domain of a is the set T a :— {(t,x) G H x X | x 6 X t -i}. Recall a is 
continuous if r Q is open in H x X and the function, also called a, T a X, 
(t,x) i— > a t (x), is continuous. The graph of the partial action a, Gr(a), is the 
graph of the function a : T a — > X. We say a has closed graph if Gr(a) is closed in 
H xX x X. 

Take two continuous partial actions of H, a and /3, on the spaces X and Y 
respectively. A morphism / : a — > (3 is a continuous function / : X — > Y such that 
for every t G H : f(X t ) C Y t and the restriction of f3 t o f to X t -i equals / o a t . 

Given f3 as before and a non empty open set Z C Y, the restriction of /? to Z 
is the continuous partial action of H on Z given by 74 : Z n f3 t -i(Z) — > Z n Pt(Z), 
z 1 ^ /3 f (z). 

Up to isomorphism of partial actions, every continuous partial action can be 
obtained as a restriction of a global action. That is, given a as before there exits 
a global and continuous action of H on a topological space Y, f3, and an open 
set Z C Y such that a is isomorphic to the restriction of (3 to Z. If in addition 
Y = U{f3t(Z) I t G i?}, we say j3 is an enveloping action of a. Enveloping actions 
exists and are unique up to isomorphism of (partial) actions [T] . The enveloping 
action of a is denoted a e and the space where it acts X e , we also think X is an 
open set of X e and a is the restriction of a e to X. 

The orbit of a subset [7 C X by a is the set HU := l){a t (U n X t -i) | t G G}. 
The orbit of a point x € X is the orbit of the set {x} and is denoted Hx. If we 
want to emphasize the name of the action we write aHx. The orbits of two points 
are equal or disjoint and the union of all of them is equal to X. With this partition 
of X we construct the quotient space X/H with the quotient topology, this is the 
orbit space of a. The canonical projection X — > X/H is continuous, surjective and 
open. The function X/H — > X e /H, aHx —5- a e Hx is a homeomorphism. 

Raeburn's Symmetric Imprimitivity Theorem involves free, proper and commut- 
ing actions. We now give the corresponding definitions for partial actions. We refer 
the reader to p] to a more detailed exposition of these concepts. 

The stabilizer of a point i£lis the set H x := {t G H \ x G X t -i, a t {x) = x}. 
It is easy to see that H x is a subgroup of H, not necessarily closed if the action is 
not global. A partial action is free is the stabilizer of every point is the set {e}. A 
partial action is free if and only if it's enveloping action is free. 



^We say "the" enveloping action because it is unique up to isomorphisms. 
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The next concept we define is commutativity. We will have two continuous 
partial actions, a and /3, of H and K , on A. As we do not want any confusions, we 
will use the notation a s : X^_ t Xf and f3 t ■ Xf_^ -» Xf , for s G H and t G K. 

We say a and (3 commute if for every (s,t) G H X K (i) a s (X^i 1 n A/ 4 -) = 
$t(Xf_ x n Af ) and (ii) a s o £ t (a:) =fto a s (x), for every a: € a s -i(Xf n A/^). 
This definition expresses the fact that we can compute a s /3t(%) if and only if we 
can compute j3tcx s (x), and in that case a s /3t(x) = j3tot s (x). As we can see, if both 
actions are global, this is the usual notion of commuting actions. 

Recall [B] a subset U C X is said a— invariant if a t {X/i 1 n U) C U, for every 
t € H. Condition (i) of the previous definition implies X^ is a— invariant for every 
s G A. 

An important property of commuting global actions is that we can define an 
action of the product group, this is also true for partial actions. 

Lemma 1.2 (cf. pQ Proposigao 4.35). If a and j3 commute then there is a contin- 
uous partial action, a x j3, of G := H x K on X such that, for every (s, t) G G, 

(1) X {s<t) = n X?) = a.(X£i n X t K ) and 

(2) a x /3 (Sit) = a s o f3 t . 

Proof. The fact that \i := a x (3 is a partial action (not necessarily continuous) is 
an easy consequence of the fact that a and /3 are commuting partial actions (pQ 
Proposigao 4.35). We just have to deal with the continuity. 

To show r M is open in Gx A notice that the set T^ 1 := {(t, x) G K x X \ x G X^} 
is open in if x X, and define: 

tt h ■ H x K x X ^ H x X, (h, k, x) (h, x), 

ir K : H x K x X — !> K x X, (h,k,x) h-> (k, x), and 

F : 7r^(I» ^(r- 1 ), (/i,fc,z) ^ (h,k, f3 k (x)). 

It is easy to see that the three functions are continuous. So, the domain and 
range of F are open in H x K x X and V M = i* 1-1 ^^ 1 ^^ 1 ) n 7r^- (r a )) is open in 
G x X . Finally, the continuity of fi : T M — >• X follows from that of a : r a — » A and 
p-.Tp-tX. □ 

Here is another property of partial actions we will use. 

Lemma 1.3. If a and j3 commute then there is a partial action of H on X/K, 
called a, such that for every s G H 

(1) (X/K), := KXf and 

(2) a s (Kx) = Ka s (x) for any x G X~Li- 

Proof. The first step is to show we can define a as in (1) and (2). Define the function 
F :T a — s> H x X/K as F(s,x) — (s,Kx). This map is open and continuous. The 
domain of a will be the image of F, '■= Im(F), which is an open set. 

Now define S : T a — > X/K in such a way that (s,x) \-> Ka s (x), and consider 
(on T a ) the equivalence relation u ~ v if F(u) = F(v). The function S is constant 
in the classes of ~, and the quotient space T a / ~ is homeomorphic to Tg trough 
the map defined by F. So, there is a unique continuous map Ts — > A/.K" such that 
(s,Kx) i — ^ Aa s (x). This is the partial action S we are looking for. 

It remains to be shown that a is a partial action. Properties (1) and (2) of 
Dcfinition ll.il are easy to prove, for (3) recall every X, is j3— invariant. □ 
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Assume for a moment we have a continuous global action of on X. It is 
immediate that it's domain, being equal to H x A, is a closed and open (clopen) 
set of H x X. That is not always the case for partial actions. 

Definition 1.4. A partial action, a, of H on X has closed domain if T a is closed 
in H x X. 

Lemma 1.5. If X is Hausdorff and a is continuous, the following conditions are 
equivalent: 

(1) a has closed domain. 

(2) The enveloping space X e is Hausdorff and X is closed in X e . 

Proof. We start by proving (1)=>(2). Recall 2 X e is Hausdorff if a has closed 
graph. Consider the function F: HxXxX^HxX, (s, x, y) \-t (s, x). The set 
F _1 (r„) is closed in H x X x X. Now, Gr(a) is closed in F _1 (r a ) because it is 
the pre-image of the diagonal {(x,x) \ x € X} C X x X by the continuous function 
F _1 (r a ) X x X, (t,x,y) h-> (at(a;), 2/). This implies a has closed graph. 

To show A is closed in X e take a net contained in X, {xi}i£i, converging to a 
point x € X e . There exists t € H such that a%(x) € X. By the continuity of a e 
there is an iq such that (i -1 , af (xi)) € T a for i in. Then (t , af (a;)), being the 
limit of {(i -1 , aj (xi))}i^i , belongs to S T a . Finally x — a t ~ia^(x) G A. 

For the converse notice three facts: the topology of H x X is the topology relative 
to H X A e , (a e ) _1 (A) is closed in H x X e and T a = H x X n (a e ) (A). So we 
clearly have that r Q is closed in H x X. □ 

The previous lemma characterizes the continuous partial actions with closed 
domain on Hausdorff spaces, as those arising as the restriction of a global action 
on a Hausdorff space to a clopen set. 

Lemma 1.6. Given two continuous and commuting partial actions, both with closed 
domain, the partial action of the product group ( as defined on Lemma ll.ty) has closed 
domain. 

Proof. In the proof of Lemma ll.2l we showed r aXj g is open, use the same arguments 
changing the word "open" for "closed" . □ 

A dynamical system (DS for short) is a tern (Y, H, (3) where (3 is a continuous 
action of H on Y, where H and Y are LCH. The natural extension to partial actions 
is the following one. 

Definition 1.7. The tern (X,H,a) is a partial dynamical system (PDS) if a is a 
continuous partial action of H on X and both (H and X) are LCH. 

Lemma 1.8. If (X,H,a) is a PDS then (X e ,H,a e ) is a DS if and only if a has 
closed graph. 

Proof. By Theorem 1.1. of [2] every point of A e has a neighbourhood homeomor- 
phic to A. So, every point of X e has a local basis of compact neighbourhoods. As 
a is continuous and H is LCH, (A e , H, a e ) is a DS if and only if A e is Hausdorff. 
By Proposition 1.2. of [2] A e is Hausdorff if and only if a has closed graph. □ 

A PDS (X,H,a) is proper if the function F a : T a — )• A, [t, x) (-> (x,at{x)), is 
proper (the pre-image of a compact set is compact). This definition, and part of 
the next Lemma, are taken from pp. 



AN IMPRIMITIVITY THEOREM FOR PARTIAL ACTIONS 



5 



Lemma 1.9. Given a PDS (X,H,a), the following statements are equivalent: 

(1) The system is proper. 

(2) Every net contained in T a , {(ti, Xi)}i(zj, such that {(xi, atf 4 (xi))}i e i con- 
verges to some point of X x X, has a subnet converging to a point ofT a . 

(3) a has closed graph and the enveloping DS (X e ,H,a e ) is proper. 

Proof. The equivalence between (1) and (3) is proved in [1] (Proposicao 4.62). The 
equivalence between (1) and (2) is proved as in Lemma 3.42 of [13] . □ 

It is a known fact that the orbit space of a proper DS is a LCH space, this is 
also true for PDS. 

Lemma 1.10. // (X, H, a) is a proper PDS then X/H is a LCH space. 

Proof. By the previous Lemma (X e ,H, a e ) is a proper DS. So, X e /H is LCH. But 
X/H is homeomorphic to X e /H and so is LCH. □ 

The next result follows immediately from the previous ones. 

Lemma 1.11. Let (X,H,a) and {X,K,j3) be commuting PDS (that is, a and (3 
commute). If (3 is proper then (X/K,H,a) is a PDS, where a is the partial action 
defined on Lemma \1.3\ 

2. Partial actions on bundles of C* -Algebras. 

The definition of upper semicontinuous C* — bundle we are going to use is Def- 
inition C.16 of [13] (notice that we do not require the base space to be Haus- 
dorff). From now on B = {B x } x< zx and C = {C y } y< £Y will be upper semicontin- 
uous C*— bundles. The projections of B and C will be denoted p : B — > X and 
q : C — > Y, respectively. 

The set of continuous and bounded sections of the bundle B will be denoted 
Cfc(B) (this notation differs from that of [13]). Similarly, Co(B) is the set of con- 
tinuous sections vanishing at infinity (C.21 [13]) and C C (B) the set of continuous 
sections of compact support. When X is a LCH space, Cb(B) and Co(B) are 
C* — algebras with the supremum norm and C C (B) is a dense *— sub algebra of 
C (B). 

Definition 2.1. A partial action of H on B is a pair (a, •), where a and • are 
continuous partial actions of H on B and X , respectively, satisfying 

(1) p^ 1 (X t ) = t B for every t E H. Here t B is the range of a t . 

(2) p is a morphism of partial actions (Definition 1.1 of [5]). 

(3) The restriction of at to a fiber is a morphism of C*— algebras, for each 
t e H. 

Notice that ■ is determined by a. For that reason, with abuse of notation, we 
name a the pair (a, ■). We say a is global if the partial action on the total space is 
a global action or, what is the same, if • is global. 

The domain of the partial action on the total and base space will be denoted 
r(JB, a) and T(X,a), respectively. 

Example 2.2. Let {X,H,-) be a PDS and {A,H,j) a C*-DS, that is, A is a 
C*— algebra and 7 : H — > Aut(A) is a strongly continuous action. With such define 
the trivial bundle p : A x X — > X, where p(a, x) = x. All the fibers of this bundle, 
called B, are isomorphic to A by the maps A — » B x , a4 (a, x). We define a global 
action of H on B by setting a t : A x X t -i ->4x X t , (a, x) H> (74(a), t ■ x). 
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I would like to emphasize that, from now on, we are going to use the letters a 
and P for actions on total spaces. The actions on the base spaces will be denoted • 
and *. We will write a* (a) and t ■ x, similarly with j3 and *. 

If (3 = (f3, *) is a partial action of H on C, a morphism (F, /) : a — >■ ft is a pair 
of continuous functions, F : B — > C and f : X —>Y, such that: both are morphism 
of partial actions, qo F = f op and the restriction of F to each fiber is a morphism 
of C* — algebras. Naturally, the composition of morphisms is the composition of 
functions (on each coordinate). 

Following [2] we can dehne the restriction of actions. Let (3 — (/3, *) be a global 
action of H on B and U an open subset of X. Consider the restriction bundle B[/ = 
{B u }ueu with the partial action /?[/, which is the pair formed by the restriction 
of the actions of H to and U. Notice we have obtained a partial action 

because p~ l {U) D f3 t {p~ l {U)) = p~ l {U Dt*U), for every t e H. 

Rephrasing Theorem 1.1 of [5] we get 

Theorem 2.3. For every continuous partial action a of H on an upper semicon- 
tinuous C* — bundle B, there exists a tern (tx,t_B,ck e ) such that a e is an action of 
H on an upper semicontinuous C* — bundle B e , and (lx^b) ■ ct — > a e is a mor- 
phism, such that for any morphism -0 : a — > (3, where [3 is an action of H (on an 
upper semicontinuous C* — bundle), there exists a unique morphism -0 e : a e — > f3 
such that "0 e o [ix, ^b) — 4'- 

Moreover, the pair (ix,LB,cv e ) is unique up to canonical isomorphisms, and 

(1) Lx(X) is open in X e . 

(2) (lx^b) '■ ct — > (a e ) tx (x) is o- n isomorphism. 

(3) X e is the orbit of l x (X). 

(4) B e is a continuous C* — bundle if and only i/B is. 

Proof. Let {lx, ■ e ) and {iB,ct e ) be the pairs given by Theorem 1.1 of [2] for • and 
a. We also have a morphism p e : a e — > - e . Notice p e is surjective because is a 
morphism and the orbit of tx(X) equals X e . Again, as B e is the orbit of lb(B) 
and p e is a morphism, to prove p e is open we only have to see that p e o ct e t o lb is 
open, for every t 6 H. But this is true because, if U is open in B 

p e oa e t o LB (U)=t-e(Lx(p(U))), 

the last being an open set. 

We have proved B e fibers over X e . We now give a structure of C*— algebra to 
each fiber of B e . Let x be an element of X e , take t £ H such that t- e x G t-x(X) and 
define the C* — structure on B% as the unique making aJLi o l b : B t -i, pex <, — > B% 
an isomorphism of C* — algebras. This is independent of the choice of t because a 
acts as isomorphism of C*— algebras on the fibers of B. 

To prove the norm of B e is semicontinuous notice that, given e > 0, the set 
{b E B e : H&ll < e} equals the open set \J teH ol\ o b B {{b 6 B : \\b\\ < e}). In fact, a 
similar argument shows the norm of B e is continuous if and only if the norm of B 
is continuous. This suffices to prove property (4) of the thesis. 

We now indicate how to prove the continuity of the product, for the other oper- 
ations there are analogous proofs. Set D e := {(a, b) e B e x B e : p e (a) — p e (b)}. 
We prove the continuity of D e —> B e , (a, b) h4 ab, locally. Fix (a, b) £ D e , we may 
assume p{a) = t- e x for some x G X and t 6 H . The product is continuous on (a, b) 
because U := (a t ° lb{B) x a t ° l.b{B)) (~l D e is open in D e , and the restriction of 
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the product to U is the continuous function 

(c, d) (->■ a\ o l b [(lb)' 1 ° a£-i (c) + (lb)' 1 ° (d)] • 

Up to here we have constructed an upper semicontinuous C* — bundle B e = 
{B^} x eX' ■ By the previous construction we also have that (a e ,L e ) is a global 
action of H on B e , and (tjej^B) : a — > a e is a morphism. Except for property (2) 
of the thesis, everything follows immediately from the previous constructions and 
Theorem 1.1 of 0. 

To prove property (2) it suffices to see that (p e ) _1 (ix (X)) = lb{B). We clearly 
have the inclusion D, for the other one let b E (p e )~ 1 (Lx(X)). We may suppose 
b = a c l(iB{c)) for some c G B and t E H. As p e (b) = p e (af(LB(c))) & lb(B), we 
have 

p e (b) = f(af(L B (c))) = * - e tx (p(c)) S i x [X). 
So, p(c) s -X't-i. This implies b — ts(a t (c)) E ts(-B). □ 

The non commutative analogue of PDS's are the C*— PDS's, they are terns 
(A,G,j) formed by a C* — algebra A, a LCH group G and a partial action 7 of G 
on A (Definition 2.2 of [2J, for a more general definition see [5]). 

We know every PDS gives us a C*~ PDS with commutative algebra [2j. Follow- 
ing that construction, we are going to use partial actions on upper semicontinu- 
ous C*— bundles over LCH spaces to construct partial actions on the C* — algebras 
C (B). The ideals are of the form C (B, U) := {/ G C (B) | /(i) = 0^ if x £ U}, 
for open sets U C X. 

Theorem 2.4. Le£ X be a LCH space, B = {Bxjxgx 0x1 upper semicontinuous 
C* — bundle and a a continuous partial action of H on B. Then (Cb(B), H,a) is a 
C*-PDS, where 

(1) C (B) t = Cb(B,X t ) ( jfor every t E H. 

(2) If f E Co(B) t -i then ott(f)(x) = at(/(t~ 1 ■ x)) if x E X t and Q x otherwise. 

Proof. First of all we have to show that, given t E H and / E Co(B) t -i, the 
function 5t(/) belongs to Co(B) t . It is clear that ott(f) is a section that vanishes 
outside X t . Besides, the function X t — >■ E, x 1-+ ||S t (/)(a;)||, being equal to X t — >• E, 
x i-> ((/(t -1 • a;) ||, vanishes at infinity. 

Clearly 8t(/) is continuous on and in the interior of the complement of X t . 
To prove the continuity of a t (f) it suffices to show that given a net {xi} ie j C X t 
converging to a point x ^ X t , we have ||5 t (/)(xi)|| — > 0. Notice that the function 
X t -i — > R, y i->- ||/(j/)||, vanishes at infinity and the net • a^ijig/ is eventually 
outside every compact of X t -i, we conclude \\a t (f)(xi)\\ = • Xi)\\ 0. 

The next step is to show a is a partial action (Definition [IT])- We omit the proof 
of this fact because it is an easy task. 

To prove {Co(B) t } te # is a continuous family [5], let U be an open set of Cq(B) 
and fix t E H such that Co(B) t D U ^ 0. By the Urysohn Lemma we can find 
g E Co(B) f n U with compact support. As the domain of the partial action on 
X is an open set, there is an open set containing t, V, such that X r contains the 
support of g for every r E V. Then V is an open set containing t and contained in 
{r E H I Co(B) n U + 0}. 

Now we deal with the continuity of a. Let {(U, fi)}i£i be a net contained in 
Ts converging to (t, /) £ Tg. Given e > there exists g e C C (B), with support 
contained in X t -i, such that \\f — g\\ < | (by the Urysohn Lemma). 
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We can find an io G I such that supp(g) C X t -i and — g\\ < |, for every 
i ^? io- Then, for every i ^ io 

ll« t (/) - a ti (fi)\\ < - ,g)|| + ||5 ti ( ff ) - a t (g)\\ + ||3 t (/ - g)|| 

2e „ „ 
< y + IK(ff)-a*(fl)ll- 

To complete the proof it suffices to see that lim^ HSt^g) — 3t(s)|| = 0. To this 
purpose let D be a compact containing t ■ supp(<?) on it's interior, and contained in 
X t . We may find i\ (larger than i ) such that U ■ supp(g) C D and D C X ti , for 
every i i\. Given i ^ i\ we have 

115** (ff) " «t(ff)ll = supiJKG?^ 1 • *)) - a^f" 1 • x))|| : a: £ £)}. 

As D is compact, it suffices to prove at^g) converges point wise to ctt(g), which 
is an easy consequence of Lemma C.18 of [13] and the continuity of a and g. □ 

The definitions of proper, free and commuting partial actions on bundles are the 
following ones. 

Definition 2.5. Given an upper semicontinuous C*— bundle over a LCH space 
and a partial action of a LCH group on the bundle, we say the partial action is 
free, proper, has closed graph or has closed domain if the partial action on the base 
space has the respective property. Similarly, given two partial actions on an upper 
semicontinuous C* — bundle we say they commute if the partial actions on the total 
and base space commute. 

Relating the concepts of enveloping action, in the contexts of C*— algebras and 
bundles, we have the following result. 

Theorem 2.6. Let a be a partial action of H on the upper semicontinuous C* - 
bundle B = {B x } x ^x- If X is LCH, a has closed graph, of is the enveloping action 
of a and B e the enveloping bundle, then (Co(B e ), H, a e ) is the enveloping system 
of (Co(B),£f, a) (Definition 2.3 of So Cb(B) xg H is a hereditary and full 
sub C* — algebra o/Co(B e ) H. In particular those crossed products are strongly 
Morita equivalent. 

Proof. By Theorem EOl we may suppose X C X e , B C B e , p e (B) = X and that p 
is the restriction of p e to B. Now, by Lemma [LSI X e is LCH. This considerations 
allows us to identify the bundle B with the restriction of B e to X, which gives 
C (B) = C (B e ,X). We have identified C (B) with an ideal of C (B e ). 
We also have, for every t G H , 

o7- t (c a {B e ,x)) nc (B e ,x) = c (B e ,t-x)n c a {B e ,x) = c {B e ,xnt-x) 

= C (B e ,X t ) = Co(B) t ; 

and clearly the restriction of a e t to Co(B) t -i equals at. So, using Corollary 1.3 of 
[3], the only thing that remains to be showed is that the space generated by the 
a e — orbit of Co(B) is dense in Co(B e ). 

We show every continuous section with compact support of B e is a finite sum 
of points in the orbit of Cq(B). Fix / G C c (B e ). The support of / has an open 
cover by sets of the form t - e X, t varying in H . We can find t±, . . . ,t n G H and 
h\,...,h n G C c (X e ) such that: < hi + ■ ■ - + h n < 1, the support of hi is contained 
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in ti ■ X {i = 1, . . . , n) and h\(x) -\ \-h n (x) = 1 if x G supp(/). Defining fi(x) — 

hi(x)f(x) (i = 1, . . . , n), we have / = ,/H h /„ and gi := a e t -i (/*) G C C (B) 

for every i — 1, . . . , rj. Besides, / = (gj + • • • + a e t n (<?n)> that gives the desired 
result. □ 

We can reproduce most of the results of Section [T] in this context. For example, 
the next Theorem is a direct consequence of Lemma 11.21 

Theorem 2.7. Given an upper semicontinuous C* — bundle B and commutative 
partial actions, (a,-) and (/?,*) of H and K on B, respectively, the pair (a,-) x 
(/3,*) := (a x 0, ■ x *) is a partial action of H x K on B. 

Writing a = (a, •) and /3 = (/?,*), the product a x f3 is the one defined in the 
previous Theorem. 

2.1. Orbit bundle. There is a notion of "orbit bundle", analogous to the notion 
of "orbit space" , but to construct it we have to consider proper and free partial 
actions. 

Fix an upper semicontinuous C*— bundle over a LCH space, B = {B x } X £Xi and 
a proper and free partial action, a, of H on B. Let B/H and X/H be the orbit 
spaces and ttb ■ B — > B/H and ttx ■ X — s> X/H be the orbit maps. As p is a 
morphism of partial actions, there is a unique continuous (also open and surjective) 
function p a : B/H — > X/H such that ttx ° p — p a ^b- 

We want to equip B/H with operations making B/i/ := (B / H, X/ H,p a ) an 
upper semicontinuous C*-bundle. To do this first notice that, given Hx 6 X/H, the 
fiber (B/H) x h is homeomorphic to B x trough the restriction of ttb to B x (because 
the partial action on X is free). Call that map h x : B x — > (B/H) x h- Define the 
structure of C*— algebra of (B/H) x h in such a way that h x is an isomorphism of 
C* — algebras. This definition is independent of the choice of x because, if Hy = Hx, 
then hy 1 o h x : B x — s- B y is an isomorphism. As it is the restriction of at to B x , 
t G H being the unique such that x G X t -i and t ■ x — y. 

The norm of B/H is the function || || : B/H ->• R, Ha ^ \\a\\. To prove it is 
upper semicontinuous let e be a positive number. The set {Hb G B/H \\Hb\\ < e} 
is open because it equals the open set 7is({& G B \ \\b\\ < e}). Similarly, we prove 

|| : B/H — > R is continuous if || | : B — > R is continuous. 

To prove the continuity of the product and the sum name D the set of points 
(a,b) G B x B such that Ha = Hb. If (a, b) G D there is a unique t G H, which we 
name t(p(a) , p(b)) , such that p(a) G X t -i and i • p{a) — p{b). Hence, a t (a) and b 
are in the same fiber, we define S(a, b) :— at(a) + b and P{a, b) := at{a)b. 

To prove the continuity of S and P we only have to prove the continuity of the 
function 

F : {(x, y) G X x X : Hx = Hy} ^ T(X, a), F(x, y) = (t(x, y), x). 

Call Dx the domain of F. 

Consider the function R : T(X, a) — > X x X given by R(t, x) = (x,t ■ x), this is 
a continuous, proper and injective function between LCH spaces. Such functions 
are homeomorphisms over its image, but the image of R is Dx and F = Rr 1 . So, 
F is continuous. 

Once we have proved the continuity of S and P, using the freeness of the partial 
action on X, we prove they are constant in the classes of the equivalence relation 
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on D : (a, b) ~ (c, d) if Ha = He and Hb = Hd. The space D/ ~ is (homeomorphic 
to) D' := {(a, 6) G B/if x B/B : p a (a) = p a (b)}, and the functions defined by S 
and P on D' are exactly the sum and product of B/H. We have proved they are 
continuous, for the rest of the operations we proceed in a similar way. 

The last step, to show B/H is an upper semicontinuous C* — bundle is to prove 
it satisfies the following property: for every net C B/H such that ||6j|| — > 

and p a (bi) z, for some z G X/H, we have bi Z . 

Let {bi}n=i be a net as before, it suffices to show it has a subnet converging to 
Z . There is a net in B, {a^i^i, such that bi = Ha\ for every i E I. We have 
that Hp(a,i) — p a (bi) — > Hx, where x G X is such that Hx — z. As the orbit map 
X — > X/H is open and surjective, Proposition 13.2 Chapter II of [7] implies there is 
a subnet {a^ and a net {tj}je.j C H such that p(a,i j ) G X t -i and tj ■p{ai j ) — >■ x. 

This implies G f -iB and p(a^ (a^. )) — > x. But also ||at^ (a^)|| = — > 0, 
so, a Uj (a i:j ) -> X . Finally, as by = Ha t ^(a tj ), 7r B (0 x ) = H0 X = Z and ir B is 
continuous, Z is a limit point of {bi d }j^j. 

Definition 2.8. The orbit bundle of B by a is the upper semicontinuous C*— bundle 
B/i? constructed before. 

Example 2.9. Consider the situation of Example 12.21 where the action of H on A 
is the trivial one (7* = id^ for every t G H) and the system (X,H, •) is free and 
proper. Then the quotient bundle B /H is isomorphic to the trivial bundle Ax X/H. 
Notice that Cq(B/H) is isomorphic to Cq(X/H, A), the set of continuous functions 
from X/H to A vanishing at infinity. 

Our next goal is to identify Cq(B/H) with a C* — sub algebra of C&(B). Ev- 
ery function / G C&(B), which is also a morphism of partial actions, induces a 
continuous and bounded section Indi(/) : X/H — > B/H, given by Hx H> Hf(x). 

The induced algebra Indb(B, a) is the subset of C&(B) formed by all the sections 
which are also morphism of partial actions. There is a natural map 

Ind 6 : Ind b (B,a) -> C b (B/H), f Ind 6 (/). 

Similarly, the algebra Indo(B,a) is the pre image of Cq(B/H) under Ind^. The 
function Indo is simply the restriction of Indb to Indo(B, a). 

In fact, the induced algebras are C*— sub algebras of Cft(B). To prove this it 
suffices to show Indb(B,a) is a C*— sub algebra and to notice Ind;, is a morphism 
of C*— algebras. 

The non trivial fact is that Ind&(B,a:) is closed in Cb(B). Assume {f n }n£N 
is a sequence contained in Indf,(B,a) converging to /. Choose some t G H and 
x G X t -i. Even if B is not Hausdorff, B x and B t . x are, so we have the following 
equalities 

a t{f{x)) = limo! t (/„(x)) = lim/ n (i • x) = f(t ■ x). 

n n 

Theorem 2.10. The functions 

Ind 6 : Ind 6 (B,a) -> C b (B/H) and Ind : Ind (B,a) -> C (B/H) 
are isomorphism of C* — algebras. 

Proof. The only thing to prove is that Indb is surjective (it is injective because is an 
isometry). Fix g G Cb(B), we will construct / G Ind(,(B,a) such that Indb(/) = g. 
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As the action on the base space is free, for every x £ X there is a unique 
/(x) £ B x such that Hf(x) = g(Hx). Clearly / is a bounded section. 

To prove / is continuous, let {xi}i e / be a net contained in X converging to 
x £ X. It suffices to hnd a subnet {xiAj^j such that /(xj. ) — > /(x). By the 
continuity of g the net {H /(Xi)}, e j has Hf(x) as a limit point. As the orbit 
map B — > B/H is open, there is a subnet {xj.}j* e j and a net {tj}j£j such that 
{(*i)/(^))}jeJ C r(S,a) and a tj (/(x i;f )) /(x). This implies {•:/,../•, )} 3 -, .; C 
T(X, a) and t 3 ; -Xj — > x. Then £j = t(X{ . , tj -x, . ) — > t(x, x) = e (see the construction 
of the orbit bundle in Section l2"Tj) . Finally, the net {/(x^ being equal to 

{a 4 -ia tj (/(x ij ))} :)6 j, has /(x) as a limit point. 

It remains to prove / is a morphism of partial actions. Clearly f(Xt) C tB for 
every t £ H. Now take t £ H and x £ X t -i. The points /(i • x) and at(f(x)) are, 
both, the unique point of Bt- X in the class of g(Hx), so they are equal. □ 

Theorem 2.11. Let B = {B x } xG x be an upper semicontinuous C* — bundle over 
a LCH space and a and ft be partial actions of H and K on B, respectively. If a 
is free and proper, then (Ind (B, a), K, ft) is a C*—PDS where 

(1) Indo(B, a)t := {/ £ Indo(B,a) : x n> \\f(x)\\vanishes outside X^ 1 }. 

(2) For every f £ Ind (B, a) t -i ftt{f)(x) = ft t (fi^ 1 * x)) if x £ X t K and X 
otherwise. 

Proof. Let 'B/H be the orbit bundle. As a commutes with ft, using Lemmas 11.31 
and ll.lll we define a partial action, //, of K on B/iJ. 

By Theorem fi defines a C*-PDS (C (B/H),K,Jj,). Lemma HHD] ensures 
the map Indo : Ind (B,o;) — > Cq(B/H) is an isomorphism. Notice Indo(B,a) t is 
the pre image of Cq(B/ H) t . The partial action of the thesis is the unique making 
Indo : ft A* an isomorphism of partial actions. □ 

3. MORITA EQUIVALENCE 

In our last section we prove our main theorem, which is a generalization of 
Raeburn's and Green's Symmetric Imprimitivity Theorems [101 111] . The first task 
is to translate Raeburn's result to the language of actions on bundles. 

Consider two C* — DS (A,H,j) and (A,K,S), and two proper and free DS 
(X,H, ■) and (X, K,-k). Assume also that the actions on A and X commute. On 
the trivial bundle B = A x X define the actions of H and K as in Example 12. 2[ 
call them a and ft, respectively. 

Let Ind7 be the induced C*-algebra defined as in [10]. We have an isomor- 
phism p : Ind7 — > Indo(B,a), given by p(f)(x) = (/(x),x). This isomorphism 
takes the action of K on Ind7 (as defined on [TU]) into the action ft. By using 
Raeburn's Theorem we conclude that Indo (B, a) x^i^ is strongly Morita equiva- 
lent to Indo(B, ft) X5 H . Our purpose is to give a version of this result for partial 
actions. We will write A B whenever A and B are strongly Morita equivalent 
C*- algebras [12]. 

3.1. The main Theorem. From now on we work with two LCH topological 
groups, H and K, an upper semicontinuous C*— bundle with LCH base space, 
B = {B x } xl zx, and two continuous, free, proper and commuting partial actions, a 
and ft, of H and K on B, respectively. 
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We want to give conditions under which we can say that Indo(B,a) if is 
strongly Morita equivalent to Indo(B,/3) X5 H. For global actions, with some 
additional hypotheses on the group and the base space, this is proved in [4], [9] or 
[8]. In fact, the proof of the next Theorem is a minor modification of Raeburn's 
proof the Symmetric Imprimitivity Theorem [10] . 

Theorem 3.1. If a and (3 are global actions then 

Ind (B,a) xgK ~ M Indo(B,/3) xi s H. 

Proof. Define E := C C {H, Ind (B, /?)) and F := C C {K, Ind (B, a)), viewed as dense 
*— sub- algebras of the respective crossed products. Define also Z := C C (B), which 
will be an E — F— bimodule with inner products; whose completion implements the 
equivalence between Ind (B, a) K and Ind (B, (3) x&H. 
For f,geZ,beE and c £ F define 

(3.1) b-f(x):=[ b(s)(x)a s (f)(x)A H (s)^ 2 ds, 

J H 

(3.2) / • c(x) := / A(/c(^ 1 ))(.T)A A -(t)- 1 /2^ ; 

Jk 

(3.3) E (f,g)(s)(x) := A H (s)- 1/2 f & (fa s (g*)) (x)dt, 

Jk 

(3.4) (/, g) F (t)(x) := A^ 172 | 5 S (/*&(<?)) (*)<*«. 

The integration is with respect to left invariant Haar measures; A# and A A are 
the modular functions of the groups. Here a and j3 are the partial actions defined 
on Theorem 12.41 

We now justify the fact that b ■ f € Z. The function H — > Co(B), given by 
s i y 6(s)a s (/)A//(s) 1 / 2 , is continuous (Theorem 12. 4|) . Besides, it's support is 
contained in the support of b and so we can integrate it. This integral is exactly 
b ■ f. Finally, notice supp(6 • /) C {s ■ x ; (s, x) e supp(b) x supp(/)}, the last being 
a compact set. 

To prove (|3 . 3[) defines an element of E we proceed as follows. Fixed s £ H and 
x £ X the function K — > B x , given by t H> fit (fcts(g*)) (x), is continuous with 
support contained in the compact {t £ K : t" 1 * x £ supp(/)}. So, the function is 
integrable. The value of that integral is e(I, g)(s)(x). 

We now prove _e(/, g) is continuous, what we do locally. Fix some sq £ H and 
.t £ X. Take compact neighbourhoods, V of s and W of Xq. The bundle H w 
will be the restriction of B to W. Define the function F : V x H — > C(Bw) by 
F(s,t)(x) = p t {f®-s{g*)) (x). As the action of K on X is proper, F has compact 
support. By integrating, with respect to the second coordinate, we get a continuous 
function R £ C(V,C(B W )), defined by R(s) = J K F(s,t)dfi K {t) (f7! 11.15.19). 

Fixing (s,x) £ V x W, we have R(s)(x) = g)(s)(x). From this follows the 
continuity of E {f,g). 

An easy calculation shows E{f,g)(s)(t ■ x) = f3t(E(f,g)(s)(x)), for every t £ K 
and a; £ A. Besides, if e(J, g)(s)(x) ^ X , then cc belongs to the iiT— orbit of 
supp(/), and s to the compact set {s £ H : s ■ supp(g) n supp(/) ^ 0}. We have 
proved that #(/, g) £ E. 

The computations needed to prove equations <|3.1|) - (j3.4[) define an equivalence 
bi-module are the same as in [10] or [13]. For the construction of the approximate 
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unit, analogous to that of Lemma 1.2 of [10], follow the proof of Proposition 4.5 of 
[13] . recalling lnd H (A, ft) plays the role of our Indo(B,/3). □ 

Our next step is to let a and ft to be partial, but to have the same result we 
need additional hypotheses, which are trivially satisfied in the previous case. 

Let ax (3 be the partial action given by Theorem 12. 71 Now, by Theorem l2.31 we 
have an enveloping action (a x ft) e and an enveloping bundle B e . We can assume 
B is the restriction of B e to X C X e . 

For the action given by (a x ft) e on X e we will use the notation (s,t)x, for 
(s,t) G H x K and x G X e . 

Define a and r as the restriction of (a x ft) e to H and K, respectively (identify 
H with H x {e} C H x if). It is immediate that (a x /3) e = a x r, er and r commute, 
and that a (ft) is the restriction of er (r) to B. 

The next is the main Theorem of this article. 

Theorem 3.2. If a x ft has closed graph and a and r are proper then 
Ind (B,a) x^K ~ M Ind (B,/3) x s H. 

Proof. To show that a (and also r) is free. Assume (s, e)x — x for some s G H 
and a; G X e . As X e is the x K— orbit of X, there exists (h, k) G H x K such 
that (h, k)x G X. Notice that (hsh^ 1 , e)(h, k)x = (h, k)x elfl (hsh^ 1 , e)~ 1 X, so, 
hsh -1 ■ (h, k)x = (h, k)x and hsh^ 1 = e. We conclude s — e. 

As ax ft has closed graph, B e is an upper semicontinuous C*— bundle over a LCH 
space. The hypotheses, together with Theorems 12. Ill and 13. 11 imply Indo(B e ,a) Xp 
K is strongly Morita equivalent to Indo(B e , r) x-gH. The proof of our Theorem will 
be completed if we can show that Indo(B, a) x^ K is strongly Morita equivalent to 
Indo(B e ,er) Xy K, because, by symmetry, the same will hold changing a for ft, a 
for r and H for K. 

Tracking back the construction of ft and r, to Theorem I2.11[ we notice that 
Indo(B,a) x^K is isomorphic to Cq(B/H) x-^K and Indo(B e ,<j) x? K isomorphic 
to Co(B e /ff) Xp K. Here /x and are the partial actions of K on B/_ff and B e /iJ 
given by Lemma fl.3[ respectively. Meanwhile, Jl and ? are the one given by Theorem 
12.41 Putting all together, by Theorem 12.61 it suffices to prove v is the enveloping 
action of /i. 

Consider the map B — > B e /H, given by 6 ^ Hb. This is an open and continuous 
map, it is also constant in the a— orbits. So it defines a unique map F : B/H — > 
B e /H, given by Hb i-> Hb (this is not the identity map). It turns out this function 
is continuous, open, injective and maps fibers into fibers. In an analogous way we 
define / : X/H — > X e /H, which has the same topological properties. 

Recalling the construction of /i and v, it is easy to show (F, f) : fi — > v is a 
morphism. To show that \i e = v it suffices to prove only two things. Namely, that 
f((X/H) t ) = f(X/H) n tf(X/H) for every t G K (we adopted the notation tz for 
the action of t G K on z G X e /H) and that the if-orbit of f(X/H) is X e /H. 

For the first one notice that 

f((X/H) t ) = HXf = HX n H{e, t)X = HX n tHX = f(X/H) n tf(X/H). 

The second equality of the previous formula is not immediate, but the inclusion 
C is. For the other one assume y G HXDH (e, t)X. Then there exists x, z G X such 
that y = Hx = H(e,t)z. There is some s G H such that x = (s, e)(e, t)z — (s, t)z. 
So x eXD(s,t)X = s-(X? HXf), (s- 1 ,e)x G Xf andy = K(s-\e)x G ffXf . 
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To show X e /H is the if-orbit of f(X/H), notice that 

|J tf(X/H) = \J tliX = H |J (J (s, *)* = HX e = X e /H. 

t£K teK sEHtGK 

We have proved v is the enveloping action of /i, by Theorem 12.61 Cn (B/ iJ) x^ i^T 
is strongly Morita equivalent to Co(B e /iJ) Xp K. This completes the proof of our 
main theorem. □ 

The next Theorem is a consequence of the previous one, it has the advantage of 
not making any mention to a nor r. 

Theorem 3.3. If a and j3 have closed domain then 

Indo(B,a) K ~ M Ind (B, 0) >o s H. 

Proof. We check the hypotheses of the previous theorem are satisfied. To show 
a x /3 has closed graph notice it has closed domain (Lemma ll.6j) and use Lemma 
11.51 Finally, we only have to show a and r are proper. It is enough to show a is 
proper, for that purpose we use Lemma Tl. 91 

Let {(sj, Xi)} be a net in H x X e such that {(xj, (sj, e):Ei)} converges to the point 
(x,y) £ X e x X e . It is enough to show {sj}i G / has a converging subnet. We may 
assume (s, t)x S X and (h, k)y £ X, for some (/i, fc), (s, t) £ H x K. 

There is an ig such that, for i ^ io, (s, and (/i, k)(si, e)xi belong to X. For i ^ 
io define U{ — (s, By the construction of a x (3 and because (ZiSjS , kt" 1 )^ G 
X, we have that is an element of the clopen set t^^fl^jfll^^). Defining 
Vi := (e, fc _1 t)wj for every i ^ io, we have that Vi G X. So, the limit lim^ Uj is an 
element of X (recall X is clopen in X e ). 

The net {(hsiS^ 1 , is contained in r(X, a) and hsiS -1 has a limit 

point. Then {/iSiS^ 1 }^ has a converging subnet, an so {si}i has a converging subnet. 
We conclude a is proper, and we are done. □ 
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